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We predict a large enhancement of interface second-harmonic generation near the zero-n̄ gap of a Bragg
grating made of alternating layers of negative- and positive-index materials. Field localization and coherent
oscillations of the nonlinear dipoles located at the structure’s interfaces conspire to yield conversion efficien-
cies at least an order of magnitude greater than those achievable in the same length of nonlinear, phase-
matched bulk material. These findings thus point to a new class of second-harmonic-generation devices made
of standard centrosymmetric materials.
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In nonlinear optics, it is well known that in the dipole
approximation, only materials that lack inversion symmetry,
e.g., the III-V semiconductors, exhibit a nonvanishing bulk
quadratic coefficient �1�. In practice, this fact limits the range
of materials that may be used for optical processes that in-
volve quadratic interactions, such as second-harmonic gen-
eration �SHG� and parametric frequency up- and down-
conversion. Although materials with inversion symmetry do
not possess bulk quadratic nonlinearity, they do nevertheless
exhibit surface quadratic nonlinearity. These nonlinearities
originate with the lack of inversion symmetry that occurs
within a few atomic or molecular layers near the surface of
the material, due to both structural and field discontinuities
�2�.

One might think it is possible to take advantage of surface
nonlinearities of this kind by using a multilayer N-period
Bragg grating, and by exploiting the conditions that maxi-
mize coherent emission from the centers of nonlinearity, in
this case located at each interface within the structure. The
fundamental frequency �FF� field should then be tuned at a
band edge, where a high density of modes is accompanied by
high field localization. In fact, it has already been demon-
strated both theoretically �3� and experimentally �4� that near
the band edge a combination of high field localization and
phase-matching conditions can enhance second- �4�a�� and
third-order �4�b�� nonlinear optical processes. Unfortunately,
in conventional N-period Bragg gratings, or finite photonic
band gap �PBG� structures, field localization properties at the
band edges are such that the field is localized in either the
high- or the low-index layers, but never at any of the inter-
faces, where instead the field achieves local minima. More-
over, adding more periods to the structure further reduces the
magnitude of the local minima, and field values quickly ap-
proach zero. Therefore, the inescapable consequence is that
conventional Bragg gratings made with positive-index, cen-
trosymmetric materials �PIMs� are ill suited for nonlinear
frequency conversion due to field localization properties that

may instead lead to inhibition of surface emissions.
Within the last few years, another class of artificial mate-

rials has captured the attention of the scientific community.
Known as left-handed or negative-index materials �NIMs�,
these materials simultaneously display negative electric sus-
ceptibility and magnetic permeability �5–7�. The most im-
pressive property of NIMs may well be their ability to refract
the light in the opposite way with respect to what an ordinary
material does �8� due to a negative refractive index, and sev-
eral applications have been proposed. For example, we cite
the possibility to construct a “perfect” lens, i.e., a lens that
can also focus evanescent, near-field waves emanating from
a source located near a NIM �5�. Another intriguing property
is that a one-dimensional structure made of alternating layers
of negative- and positive-index materials �NIM/PIM�, such
that the index of refraction averages to zero inside the el-
ementary cell, opens a Bragg gap centered about the fre-
quency where the condition n̄=0 is satisfied �9�. This so-
called zero-n̄ Bragg gap is unique because it cannot be
replicated, and its properties are different compared to con-
ventional Bragg gratings made of PIMs. For example, strong
beam modification and reshaping of tunneling pulses have
been predicted �10� while the location and depth of the gap
are relatively insensitive to disorder �9� and to the incident
angle �11�. In the nonlinear regime, it has also been shown
that this zero-n̄ Bragg gap can support omnidirectional gap
solitons in the presence of a Kerr nonlinearity �12�.

In this paper we study surface SHG from a NIM/PIM
Bragg grating, and show that tuning the FF at the high-
frequency band edge of the zero-n̄ gap leads to at least an
order of magnitude enhancement of conversion efficiency
compared to generation from a PIM having similar length
and nonlinear coefficient. This surprising outcome appears
to be directly related to the peculiar field localization
properties at the high-frequency band edge of the zero-n̄
Bragg gap, which have no counterpart in a PIM Bragg
grating. In Fig. 1 we show the transmission of an
�N=35�-period NIM/PIM Bragg grating. The electric suscep-
tibility and the magnetic permeability of the NIM are de-
scribed by a lossy Drude model �13�: ���̃�=1−1/ ��̃��̃*Email address: giuseppe.daguanno@gmail.com
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+ i�̃e��, ���̃�=1− ��pm /�pe�2 / ��̃��̃+ i�̃m��, where �̃=� /�pe

is the normalized frequency, �pe and �pm are the respective
electric and magnetic plasma frequencies, and �̃e=�e /�pe
and �̃m=�m /�pe are the corresponding electric and magnetic
loss terms normalized with respect to the electric plasma
frequency. For simplicity we assume �pm=�pe and �̃e� �̃m
�10−4. The details of the structure are described in the cap-
tion of the figure. The PIM is assumed to have normal linear
dispersion between the FF and SH frequencies, with
nFF,PIM=1.4 and nSH,PIM�1.466. The structure was designed
so that the SH would be tuned near the low-frequency band
edge of the second normal Bragg gap instead of the first. The
reason for this particular kind of tuning can be easily under-
stood if we plot the Bloch vector K� of the elementary cell of
the structure �see Fig. 2�. Momentum conservation requires
that �K�=K��2��−2K�����Gm where Gm=2�m /� is one
of the reciprocal lattice vectors, �=a+b is the length of the
elementary cell, and m is an integer number. From Fig. 2 we
see that tuning the SH near the first conventional Bragg
gap would have resulted in momentum nonconservation:
�K��G1 /2. Tuning the SH near the second conventional
Bragg gap results in momentum quasiconservation, i.e.,
�K��0. In conventional Bragg gratings momentum conser-
vation is achieved by tuning the FF and SH respectively near
the first and the second Bragg gaps so that �K��G1.

In Fig. 3 we plot the FF field profile. The figure shows
that the field becomes localized inside the structure under a
bell-shaped envelope typical of field envelopes found near
band edge resonances of conventional Bragg gratings. How-
ever, unlike conventional Bragg gratings, each field maxi-
mum coincides exactly with each interface inside the struc-
ture. The generated SH field was calculated in the undepleted
pump regime according to the following formula:

ESH�z� = − 4
�2

c2 �
0

L

GSH�	,z�d�2��	�EFF
2 �	�d	 �1�

where GSH�	 ,z� is the Green’s function of a generic
multilayer structure �14�, appropriately modified to handle
magnetically active materials �15�. L=N� is the total
length of the structure and � is the length of the elementary
cell. d�2��z� is the quadratic coupling coefficient, which
is assumed to be a sum of Dirac 
 functions, each located
at the different interfaces of the structure, i.e., d�2��z�
=ds

�2�� j
�z−zj�, where zj is the position of the jth interface.
For simplicity we have assumed the same value of interface
nonlinearity dS

�2� for all the interfaces of the structure, includ-
ing entrance and exit surfaces. In Fig. 4 we show the gener-
ated SH field inside the structure for dS

�2�	EFF,input	=10−5. The
SH field is generated with a double bell-shaped envelope,
again consistent with its tuning at the second transmission
resonance near the second, normal Bragg gap �16�, as shown
in the inset of Fig. 1.

In Fig. 5 we compare the SH emitted from this structure

FIG. 1. Transmission vs normalized frequency � /�pe for
N=35 periods of alternating NIM/PIM layers. The thicknesses of
the layers are a=b=0.36�pe, and �pe=2�c /�pe. The PIM is as-
sumed to be a normal dispersive material having linear dispersion
between the FF and the SH frequency. Here we have nFF,PIM=1.4
and nSH,PIM�1.466. The dispersion of the NIM is described by a
lossy Drude model, as detailed in the main text. The arrows indicate
tuning of the FF and SH. Inset: Magnification of the tuning condi-
tions for the FF and SH.

FIG. 2. Real �solid line� and imaginary �dashed line� parts of the
Bloch vector vs � /�pe. The Bloch vector is calculated for the el-
ementary cell of the structure described in Fig. 1, which has length
�=a+b. The arrows indicate tuning of the FF and SH. The shaded
regions indicate the spectral positions of the gaps.

FIG. 3. Localization of the FF field inside the structure. Inset:
Magnification of the field near the center of the structure. The field
is highly localized at each interface of the structure. The shaded
region represents the layer of NIM, while the white region corre-
sponds to layers of PIM.
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with the SH emitted from a bulk material in perfect phase
matching, having the same nonlinearity dS

�2� and length as our
structure. The calculation was performed as a function of SH
tuning with respect to its gap on the low-frequency side, in a
frequency range that includes the third resonance as well as
gap regions. The different tuning conditions were obtained
by varying the dispersion of the PIM at the SH. Using this
procedure one can find optimal tuning conditions for SHG
with respect to the band edge. For example, choosing
nSH,PIM�1.4538 tunes the SH field at the third transmission
resonance; nSH,PIM�1.466 tunes it at the second transmission
resonance, as in Fig. 1; and nSH,PIM�1.4739 tunes it at the
first transmission resonance. Tuning the SH at the second
transmission resonance results in the highest conversion ef-
ficiency, about five times greater than in the same length of
phase-matched bulk material. We also find that SH emission
is slightly unbalanced in favor of the backward direction.

In order to draw some more general considerations, in
Fig. 6 we plot the SH conversion efficiency for one of the
conditions corresponding to Fig. 5, i.e., tuning at the second
transmission resonance for N=16, 18, 25, 30, and 35 period
structures, respectively. We find that the conversion effi-
ciency scales roughly as N6, in analogy with what happens in
positive-index PBG structures �16�. Therefore, adding just a

few more periods would result in conversion efficiencies
more than one order of magnitude greater than those achiev-
able in a generic, quadratic, bulk material in perfect phase
matching and with the same quadratic coefficient. Finally, it
is evident that recent advancements in the field of metama-
terials suggest that NIMs operating in the mid- and near-
infrared regime may be within reach �17–22�. In particular,
NIMs in the mid- and near-infrared regime have been real-
ized and experimentally tested in Refs. �19–22�. In this con-
text it is also worth mentioning the work by Ishikawa et al.
�23� where the possibility of negative permeability in com-
posite split-ring resonators is theoretically investigated for
optical frequencies. The results presented in Refs. �19–22�
put our work on a more solid ground, allowing for more
practical tests of our theoretical findings. In the present con-
text, setting our reference wavelength to �=1 �m makes our
structure approximately 25 �m thick. It is also worth noting
that recently one-dimensional structures made of alternating
layers of NIM/PIM similar to those described in our paper
have been theoretically demonstrated to show a complete
three-dimensional band gap �24�.

It is worth spending some words on an important
issue that stems from our analysis, namely, the effect of
the absorption. In our analysis we have used a lossy Drude
model in order to describe the dispersion properties of
the NIM, a model that has been widely used in published
literature �5,13,25–29� because it retains some of the salient
characteristics of the physical mechanisms that lead to
negative refraction. In our calculations the absorption coeffi-
cient for both the electric and magnetic parts has been set to
�̃e� �̃m�10−4. Of course, increasing the value of the absorp-
tion coefficient would result in the lowering of the transmis-
sion resonances which ultimately leads to decrease in the SH
conversion efficiency. In currently available metamaterials

FIG. 4. SH field generated inside the structure for
dS

�2�	EFF,input	=10−5.

FIG. 5. Normalized SH conversion efficiency � vs nSH,PIM nor-
malized with respect to the conversion efficiency of a bulk material
of the same length and nonlinear coefficient, in perfect phase
matching. The arrows correspond, respectively, to the first three
transmission resonances near the low-frequency band edge of the
second Bragg gap, as labeled.

FIG. 6. Total �forward+backward� conversion efficiency vs
number of periods for the SH tuned at the second transmission
resonance near the low-frequency band edge of the second conven-
tional Bragg gap �solid line and solid circles� and for an ordinary
bulk quadratic material in perfect phase matching having the same
length and nonlinear coefficient �dashed line�. The solid circles cor-
respond to calculated data, the solid line is a fitting curve. We have
assumed dS

�2�	EFF,input	=10−5 in all cases. Note that the conversion
efficiency of the Bragg grating scales as the sixth power of the
length or the number of periods.
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�19–22� in the mid- and near-infrared regime the issue of the
absorption and/or loss may still represent a serious obstacle
for several practical applications including the one we are
proposing in this paper. On the other hand, while the causal-
ity principle requires that the real and imaginary parts of the
dispersion of a medium be Kramers-Kronig pairs, it does not
put a limit to how small the absorption of a medium should
be, as long as it is not zero. The real and imaginary parts of
both � and � in our lossy Drude model are in fact Kramers-
Kronig pairs regardless of how small the electric and mag-
netic loss terms may be. Therefore, at least in principle, noth-
ing prevents the availability of NIMs with small losses in the
near future.

Another issue that may arise from our analysis is the ori-
gin of the quadratic nonlinearity at the NIM/PIM interface. A
detailed analysis of the quadratic nonlinearity in a NIM ma-
terial is out of the scope of the present work. In the present
context, the main source of nonlinearity must be that stem-
ming from the symmetry breaking near the PIM surface, a
PIM that is considered as a standard centrosymmetric mate-
rial, as we also made clear in the introduction of this work.
The considerations about the origin of the quadratic nonlin-
earity due to symmetry breaking are therefore intended to be
valid just for the PIM and by no means are intended for the
NIM. A NIM may or may not have a quadratic nonlinearity,
but, again, this issue is out of the scope of the present work.
We also note that in our calculations, for the sake of simplic-
ity, we have assumed the same value of the quadratic non-
linearity at each interface of our structure including the en-
trance surface, i.e., the air/NIM interface. Nevertheless, our
calculations show that the results remain practically un-

changed also if we neglect this first nonlinearity located at
the entrance surface.

Finally, it is worth pointing out that although in this work
we have considered structures in which the thicknesses of the
NIM and PIM layers are the same and therefore also their
respective refractive indices at the FF frequency are almost
equal in absolute value, nevertheless the same kind of local-
ization as that shown in Fig. 3 is found also in cases in which
the thicknesses of the NIM and PIM layers are different,
provided that the FF field is tuned near the high-frequency
band edge of the zero-n̄ gap. Those findings suggest that the
kind of field localization just described in this work, i.e.,
with high field values at the interfaces of the structure,
should be a peculiar characteristic of any zero-n̄ gap.

In conclusion we have shown that the peculiar localiza-
tion properties near the zero-n̄ gap of a NIM/PIM Bragg
grating can be exploited to enhance SHG from an interface
by at least an order of magnitude for structures just a few
tens of micrometers thick. Our findings thus suggest that
standard centrosymmetric materials may be used to create a
whole additional class of second-harmonic generation and
nonlinear frequency conversion devices. One last note to
point out is that in the kind of structures proposed here an
angular tuning of the FF and SH on the proper resonances
may be much easier to realize than in conventional photonic
band gap structures because the location and the width of the
zero-n̄ gap are relatively insensitive to the angular incidence.
Therefore one may think to align the SH on the proper reso-
nance by angular tuning while the FF remains fixed on the
band edge transmission resonance of the zero-n̄ gap.
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